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SPATIAL VARIATION IN LIQUEFACTION RISK

Gordon A. Fenton and Erik H. Vanmarcke

Abstract

Basi ¢ concepts and methodsof random field theory, useful for characterizing * distributed disordered
systems, are applied to a soil deposit to evaluate the spatial extent of liquefaction under typical
conditions. The soil deposit, modeled after a site located at the Wildlife Management Area
in Cdlifornia, is represented by a three-dimensiona random properties field and is subjected to
multiple realizations of a space-time random field of earthquake ground motion patterned after
the Supergtition Hills event of 1987. Based on Monte Carlo analysis using a deterministic one-
dimensional nonlinear finite element program, spatial variability of liquefaction risk is assessed
and techniques for improving estimates of liquefaction risk, accounting for local spatial variation,
are investigated.
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1. INTRODUCTION

In probabilistic soil profile modelling, materia characteristics are modeled as random functions,
U(z) representing the value of a soil property at spatial location z. In practice, one needs to obtain
a best estimate of the property, dong with data on its variability and spatial correlation. Data
on variability (e.g. Lumb, 1966, Schultze, 1971, and Singh, 1970) and spatial dependence (e.g.
DeGroot et al., 1993, Chiasson et al., 1995, Asaokaet al., 1982) are generaly very limited and this
information tends to be quite site specific.

Geotechnica performance often depends on maxima or minima of some spatially averaged ma-
terial property or response measure (Vanmarcke, 1977). In particular, under earthquake shaking,
liquefaction-induced failure can occur only if the resistance to seismic stresses is sufficiently low
over asufficiently large volume of foundation soil; high liquefaction potential need not be a prob-
lem if confined to small, isolated volumes, as demonstrated in a liquefaction stability analysis
by Hryciw et al. (1990). Thus, studies of liquefaction risk at a site should consider not only
the liquefaction potential at sample points, as traditionally done, but also the spatia variation of
liquefaction potential over the entire site.

Because of the highly nonlinear nature of liquefaction response of asoil mass, the spatial distribution
of liquefied regions can be most accurately obtained through multiple ssimulation runs, i.e. through
aso-caled Monte Carlo analysis. A first order-second moment approach — involving linearization
of the relations between the response and input — often leads to large errors in highly nonlinear
systems when the material properties show high variability, asiscommon for soils. In Monte Carlo
simulation, the challenge is to simulate sets of properly correlated finite-element local averages;
each set of simulated values serves as input into (multiple) deterministic finite element analysis.
Sample statistics of response parameters can then be computed.

An appropriate soil model for stochastic finite element analysis involves a partition of the soil
volume into a set of finite elements. A vector of material properties, drawn from realizations
of three-dimensional local-average random fields, is then associated with each element. In the
simulation, one must account for ‘point variance' reduction and correlation between elements,
consi stent with the dimensionsof thefinite elementsand the correl ation parametersof theunderlying
fields. Thevariancefunction, which reflectstheamount of variancereduction dueto local averaging
and depends on one or more scales of fluctuation, frugally captures the correlation structure, and is
well suited for the smulation of local averages (Vanmarcke, 1984).

Althoughthe soil propertiesare being model ed by athree-dimensional randomfield, theliquefaction
analysis will be carried out using only a one-dimensional finite element program applied to one
column of the soil massat atime. Thisconsiderable simplification of the problem is necessitated by
the enormous computational requirementsof anon-linear, time-stepping, stochastic (Monte Carlo)
anayss. In addition, and again partly due to computational time issues but also due to the one-
dimensional sequential approximation to a three-dimensional problem, the paper considers only
the initiation of liquefaction. While it is well known that post-event pore pressure redistribution
isimportant in liquefaction, it is not felt that a 1-D model will properly reflect this redistribution
since in the 1-D model almost al shear wave motion is absorbed by the liquefied layer and the
surface ceasesto move. On the shorter time scale of the event itself, the initiation of liquefactionin
the soil is believed to be model ed reasonably accurately via one-dimensional approximations. The
paper concentrates on the spatial variation, over ahorizontal plane, of theinitia liquefaction state.
A pictureof theinitial liquefaction state is built up by looking at horizontal cross-sections through
the collection of one-dimensional soil columns making up the soil mass.
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2. MODEL SITE: SOIL LIQUEFACTION

An earthquake of magnitude M, = 6.0, on April 26, 1981 in the Imperia Valley near Westmorland,
Cdifornia, caused significant damage, in many cases through liquefaction. This prompted a
detailed geological survey of thevalley, including theinstallation of accelerometersand piezometers
to record ground motions and changes in pore-water pressure during future earthquakes at the
Wildlife Management Area. The Wildlife Management Areaislocated 3 km south of Calipatriain
the Imperial Wildfowl Management Area, lying on the west side of the incised flood plain of the
Alamo River.

The site was instrumented in 1982 with surface and down-hole (7.5 m depth) accelerometers and
6 pore-water pressure transducers (Bennett et al., 1984). The Supergtition Hills event (M, = 6.6),
recorded in 1987 (Holzer et al., 1988), resulted in liquefaction at the site in the form of sand boils
and limited lateral spreading and motivatesthis study —the following model isbased on the Wildlife
gte.

Within the upper three geological units, a closer examination by Holzer et al. revealed five soil
stratato the level of the down-hole accelerometer;

1) Layer 1(0.0to 1.2 m): very loose silt,
2) Layer 2(1.2to 2.5 m): very loosesilt,
3) Layer 3(2.5to0 3.5 m): very looseto loose sandy silt,
4) Layer 4 (3.5t0 6.8 m): loose to medium dense silty sand, and
5) Layer 5(6.8to 7.5 m): medium to stiff clayey silt.
The water table at a depth of 1.2 m formsthe boundary between Layers 1 and 2.

The random medium representation of the soil properties and deterministic finite element program
used to assess the spatial variation of liquefaction at the model site are described in the following
sections. Recognizing that little information concerning spatial variability of the soil properties at
thedteisavailable, the model requiresmany parametersto be assumed using reasonabl e estimates.
Since many of these statistical parameters were not verified at the Wildlife site, this example
serves primarily to investigate the degree of spatial variability in liquefaction under reasonable
assumptions and to investigate techniques of evaluating liquefaction risk in the presence of spatial
variability. The intensity of the earthquake excitation and the scales of fluctuation of the soil
properties were varied for the purpose of sensitivity anayss.

The soil volume to be modeled is 80 x 80 m lateraly by 7.5 m in depth and is partitioned into
al6 x 16 x 32 set of finite elements. Thus each element has dimensions 5 x 5 m lateraly by
0.23 m vertically. Realizations of the random soil properties within each element are obtained by
column-wise extraction from a set of 3-D local-average simulations.



2.1 Stochastic Soil Modd

For this study, the soil parameters expected to have the greatest impact on site response and
liquefaction likelihood and selected to be modeled as 3-D random fields were: permeability (%),
porosity (n), modulus of easticity (solid phase) (£), Poisson’sratio (solid phase) (»), and dilation
reference angle (®). The ratio of @ to the friction angle determines whether initial contraction
is followed by dilation or contraction in the soil during shaking. All of these properties, and in
particular the dilation reference angle, are generally found through laboratory tests on soil samples.
These parameters are required as input to the finite element analysis program to be discussed
later. Thelir treatment and precise interpretation within the finite element algorithm is discussed
in detail by Prevost (1989). Permeability and, indirectly, porosity, are perhaps the most important
parametersinfluencing liquefactionin sandy soils. Water trapped withinthe soil structurecarriesan
increasing fraction of the stress as the soil densifies during shaking. Eventually the inter-granular
stresses may become so low that relative movement between particles becomes possible and the
medium effectively liquefies.

Beyond CPT tests performed at asmall number of locations, the published siteinformation (Bennett
et al., 1984, and Holzer et al., 1988) contains barely enough data to establish mean parameters as
estimated by Keane et al. (1989) and listed in Table 1 as a function of depth. Estimates of the
statistical nature of the above parameters are based on a combination of engineering judgement
and areview of the literature (Fenton, 1990). Assumed variances associated with each parameter
are also shown in Table 1 as afunction of depth.

In al cases the random material parameters are obtained by transforming a 3-D zero-mean unit-
variance homogeneous Gaussian field, Z(z), realizations of which are produced using the three-
dimensional Loca Average Subdivision (LAS) method (Fenton and Vanmarcke, 1990). Letting
Ui(z) represent the value of the ;"th soil property at the spatial point z = {z,y, 2}7, with = the
depth below the surface,

By Ui@) = T (1) + 0:(2) @) ).

where 1;(z) is the mean, o,(2) is the standard deviation, and 7; is a transformation taking the
Gaussian process, Z;(z), into the marginal distribution appropriate for property . Notice that the
formulation allows trendsin the mean and variance as a function of depth to be incorporated.

For the permeability, elastic modulus, and dilation reference angle, all assumed to be lognormally
distributed, the transformation 7; is the exponential

[2] Ui(z) = exp{puni(2) + oni(2) Zi(z) } -



Tablel. Average soil properties and associated parameters of the underlying Gaussian

fields.
Property  |Depth (m) [[ 0-1.2 [12-25[25-35[35-6.8[68-75
. mean || 1x107° [1x107° [1x107° |1x10~% |1x1076
Zermeab'“ty fink 17 | <117 | -119 | 97 | -141
(k, m/s) o2 0.6 0.6 0.8 1.0 05
- mean 042 | 042 | 042 | 042 | 042
Porosity i 0 0 0 0 0
() o2, 1.0 1.0 1.0 1.0 1.0
Elastic mean || 3.9x107 |3.7x107 |5.4x107 |5.4x107 |7.0x107
Modulus Hing 171 171 174 17.2 17.7
(E,N/m?) ot 0.8 06 0.8 1.2 0.8
_ mean 0275 | 0275 | 0275 | 0275 | 0275
Poisson’s? 0 0 0 0 0
atio () Hv!
' 2, 10 10 10 10 10
Dilation mean 21.3° | 200° | 190° | 180° | 50°
Reference fine 295 | 290 | 284 | 277 | 151
Angle (®) oo 0.2 0.2 0.2 03 0.2

! seeEgs. 4and 5
2seeEgs. 7and 8

Porosity isrelated to both permeability and soil relative density, the latter of which is also related
to theinitial vertical stresses in the medium as well as the shear wave velocities. The porosity at
the Wildlife sSiteis assumed to have a constant mean of 0.42. Recognizing that » must be bounded,
the following transformation 7,, (see Eg. 1) changes a normally distributed variate into a bounded
distribution:

3] Un=a+(b—a)7;(Y)=a+b;a{1+tanh<%>},

which is a one-to-one mapping of Y € (—oo, 00) into U, € (a,b), where Y is obtained from the
random field Z according to Eq. 1

[4] Y (@) = () + 00 (2) Zur ).

where 1,,, and o, are the mean and standard deviation of Y, which can be obtained in practice by
taking the first two moments of the inverse

U, —a U, —a
— -1 n _ n
5 v () 2o (B
Other than a ssimple means of transforming an unbounded distribution to a bounded distribution,
Eqg. (3) has no physical basis. There is insufficient data to either verify or discount its use, and

S0 it should be viewed simply as an approximation to allow the stochastic treatment of bounded
random soil parameters. Depending on thevaueof o ,/(z) selected for usein Eq. (4), the marginal
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distribution of U, followsavariety of symmetric shapes. For 1, = 0, the marginal distribution of
U, isgiven by

. t-a3 1 (nin(=))’
(6] J0.0) = =00 - o, exp{2< O )

For the assumed value of #2, = 1.0 used herein (see Table 1), the distribution of U/, is bell shaped
with mode at the midpoint, (b + «). In this case study, it is assumed that n» € (0.22, 0.62) with
mean 0.42. While this may seem to be afairly wide range on the porosity, it should be noted that
the distribution given by Eq. (6) implies that 90% of porosity realizations lie between 0.37 and
0.47. The solid phase (soil) mass density, p,, was taken to be 2687 kg/m*® (Keane et al., 1989)
giving amean soil dry unit mass of (1 — 0.42)(2687) = 1558 kg /m°.

Because it is well known that soil porosity is related to permeability, the underlying Gaussian
fields 7, and 7, are generated so as to be mutually correlated on a point-by-point basis. Thisis
accomplished by generating two independent random fieldsand then linearly combining them using
the Cholesky decomposition of the 2 x 2 cross-correlation matrix to yield two properly correlation
random fields (Fenton, 1994). A correlation coefficient of 0.5 is assumed, however it must be
recognized that the true correlation between these propertiesis likely to be quite variable and site
specific. Although the other random soil propertiesare also felt to be correlated with soil porosity,
their degree of correlation is significantly less certain than in the case of permeability, which is
already somewhat speculative. For this reason, the other random properties are assumed to be
independent. Recalling that the introduction of correlation decreases the variability between pairs
of random variables, the assumption of independence increases the overall variability contained
in the model. Thus, it is deemed better to assume independence than to assume an erroneous
correlation. The effect of cross-correlation between, say, porosity and the dilation reference angle
on the spatial distribution of liquefaction isleft an open question that may be better left until more
is known about the statistical correlations between these properties.

Poisson’s ratio is also chosen to be a bounded random variable, » € (0.075, 0.475), according to
Eqg. 3 with constant mean 0.275. Now Y is given by

[7] Y(z) = p(2) +0,(2) Z,:(2),
so that
[8] U, =0.075+0.47,),

and the transformation 7, isthe sameas 7,, in Eq. 3. Under thistransformation, with o, = 1, 90%
of realizations of Poisson’sratio will lie between 0.24 and 0.31.

The relationship between the dilation reference angle, ®, and the friction angle at failure, ¢, as
interpreted internally by the finite element analysis program, determines whether the soil subse-
quently dilates or contracts upon shaking. If the ratio ®/¢ exceeds 1.0, then only contraction
occurs, otherwiseinitial contraction isfollowed by dilation. Since contraction resultsin increasing
pore water pressure, thisratio isof considerable importancein aliquefaction analysis. Rather than
considering both the dilation and friction anglesto be random, only the dilation angle was sel ected
asrandom; thefriction anglewas prescribed deterministically with ¢ = 21° inLayer 1, 20° in Layer
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2, 22° in Layers 3 and 4, and 35° in Layer 5, as estimated by Keane and Prevost (1989). These
assumptions till lead to the ratio ¢ /¢ being random.

The covariancefunction, B(r), used to model the spatial variability of all the random soil properties
isof asmple exponential form parameterized by 6, and 9,,, the scales of fluctuation in the vertical
and horizontal directions respectively,

- 2 2 2 2 2|Ta|
(9] B(rurum) =0 exp{—g( ) }

wherer = {7, 7,, 5}1 = z — 2’ denotesthe separation distance between two spatial points, z and 2.
Notethat Eq. (9) hasapartially separableformin r, (vertically). This covariance function governs
the underlying Gaussian random fields; after transformationinto the desired marginal distributions,
the covariance structure is also transformed so that comparison between statistics derived from
real data and Eq. (9) must be made with caution. From the point of view of estimation, the
statistical parameters governing the underlying Gaussian fields can always be smply obtained by
performing an inverse transformation on the data prior to estimating the statistics. For example, if
the parameter is treated as a lognormally distributed random process by transforming a normally
distributed randomfield using therelationship U = exp{Y"}, thenthe corresponding mean, variance,
and scale of fluctuation of Y~ can be found from the raw data by taking the logarithm of the data
prior to statistical analysis. In the absence of spatial data, the following discussion is derived from
the literature and is assumed to apply to the underlying Gaussian fields directly.

Inthevertical direction, deMarsily (1985) proposesthat the scale of fluctuation of soil permeability
isof theorder of 1 m and so §, = 1 m is adopted here. The horizontal scale of fluctuation, 9, is
highly dependent on the horizontal extent and continuity of soil layers. The USGS survey (Bennett
et al., 1984) indicated that the layers at the Wildlife site are fairly uniform and aratio of horizonta
to vertical scales 0, /60, ~ 40 was selected implying 6, ~ 40 m; thisis in the same range as
Vanmarcke's (1977) estimate of 55 m for the compressibility index of a sand layer. Although
compressibility and permeability are of course different engineering properties, one might argue
that the scal e of fluctuation dependslargely onthegeological processesof transport of raw materials,
layer deposition, and common weathering rather than on the actual property studied. Based on this
reasoning, all the random soil properties are modeled using the same scales of fluctuation as well
as the same form of the covariance function.

The simulations are repeated using a larger vertical scale, 4, = 4 m, while holding the ratio of
horizontal to vertical scales constant at 40. In the following, only the vertical scale of fluctuation
isreferred to when indicating the case studied.

2.2 Stochastic Earthquake M odel

Earthquake ground motions vary from point to point in both time and space. Techniques have been
developed to generate such fields of motion (Vanmarcke et al., 1993), while studies of earthquake
motions over arrays of seismometers provide estimates of the space-time correlation structure of
ground motion (e.g. Boissieres and Vanmarcke, 1995). Input earthquake motions in this study,
applied to the base of the soil model on a point-wise basis, are realizations of a space-time random
field with the following assumed space-frequency correlation function,

2mes

[10] ,o(w,z)=exp{—“'f' }

7



where 7 = 2 — 2’ is the lag vector between spatial points ¢ and 2/, w is the wave-component
frequency (rad/sec), ¢ isthe shear wave velocity (taken as 130 m/sec at the base of the soil mode!),
and s = 5.0 is adimensionless parameter controlling the correlation decay.

Only one component of motion is used, modeled after the North-South component of the Super-
gtition Hills event. Analyses by Keane and Prevost (1989) indicate that including the East-West
and vertical components makes little difference to the computed (deterministic) site response (the
North-South component had dominant amplitudes), and using it alone, Keane obtains remarkably
good agreement with the recorded site response.

The marginal spectral density function, G/(w), governing the input motion spectral content was
derived from the dominant NS component of earthquake acceleration, shown in Figure 1, recorded
at the down-hole accel erometer for the Superstition Hillsevent. To reduce the number of time steps
in the anaysis, only 20.48 seconds of motion were generated — 1024 time steps at 0.02 seconds
each. Using the Maximum Entropy method, a pseudo-evolutionary spectral density function was
estimated in 4 consecutive time windows, starting at 7 seconds into the recorded acceleration as
denoted by dashed lines in Figure 1. The derived spectral density functions shown in Figure
2, one for each time window, were then used to produce non-stationary earthquake acceleration
realizations. The last G(w) was actually based on the entiretrailing portion of the recorded motion.

Admittedly, the down-hole motions include both upward propagating energy and downward prop-
agating reflected energy, the latter of which is modified by existing material propertiesin the soil
above the recording point. However, only the spectral density function of the down-hole motion
is used to control the generated motions, not the detailed recordings themselves. The resulting
simulations can be thought of as having a mean which includes the mean soil properties in the
overlying field.

Figure 3 showsarealization of theinput accel eration field sampled at two points separated by 80 m.
Although the motionsare quite ssimilar, they are not identical and may be considered representative
of the possible base motion at the site. The same marginal spectral density function was used at all
gpatial points over the base of the soil model, presumably reflecting the filtering of bedrock motion
typical at the site. To partialy assess the effect of earthquake intensity on the spatial distribution
of liquefaction at the site, the study was repeated using thefirst set of artificial motions scaled by a
factor of 0.7.
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Figure3. Sample acceleration records generated at two points, « and b, separated by 80 m.

2.3 Finite Element Mod€

The soil massisdivided into 256 columns arranged on a16 x 16 grid, each column consisting of
32 elements (33 nodes) vertically. Realizations of the soil mass are excited by artificial earthquake
motions applied at the base of each soil column and analyzed using DY NA1D, a one-dimensional
nonlinear finite element model developed by Prevost (1989). DYNA1D employs multiple yield
level elasto-plastic constitutive theory to takeinto account the nonlinear, anisotropic, and hysteretic
stress-strain behavior of the soil as well as the effects of the transient flow of pore water through
the soil media and its contractive/dilative nature. Each finite element is assigned soil properties,
either deterministic values or from realizations of random fields.

Soil columns are then analyzed individually by DY NA1D, so that 256 invocations of DY NA1D are
required for each realization of the soil mass. The column analyses are independent and the only
link between the soil columnsisthroughtheir correlated properties. It isunknown how the coupling
between columnsin afully three-dimensional dynamic analysis would affect the determination of
global liquefaction potential, however it is believed that the analysis proposed herein represents a
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reasonabl e approximation to the fully three-dimensional analysis at thistime, particularly since the
siteisreasonably level and only liquefaction initiation is considered.

The surface response obtained from the DY NA1D analysis of a single column of soil is shown in
Figure 4 along with a typical realization of the input motion acting at the column base. The soil
at adepth of about 2.7 m began to liquefy after about 10 seconds of motion. Thisis characterized
at the surface by a dramatic reduction in response as the liquefied layer absorbs the shear wave
motion propagating from below.

—~ N
N§)§ Base Input
E
& o
®
O
2
(@]
< «
I I I I
0 5 10 15 20 25
Time (sec)
—~ N
N§)§ Surface Response
E
& o
®
O
2
(@]
< «
I I I I
0 5 10 15 20 25
Time (sec)

Figure4. Base input and surface response computed by DY NA1D for a particular soil column
realization.

Of particular interest in the evaluation of liquefaction potential at thesiteisthe prediction of surface
displacement and pore water pressure buildup while shaking lasts. Asthe global analysis consists
of aseries of one-dimensiona column analyses, it was decided not to use the surface displacement
predictions as indicators of liquefaction potential. Rather, the pore pressure ratio associated with
each element was selected as the liquefaction potential measure to be studied. Redistribution of
pore water pressure after the earthquake excitation, which could lead to further liquefaction of
upper soil layers, was not considered in thisinitial study.
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24 Measuresof Liquefaction

The finite element program calculates the excess pore water pressure, u;, in each element : as
afunction of time. Theratio ¢; = u;/o’;, where ¢/, is the initia vertical effective stress in the
" element, is commonly thought of as the parameter measuring the occurrence of liquefaction
(Seed, 1979) and will be referred to herein as the liquefaction index. Note that, owing to the
one-dimensional nature of the finite element anaysis, the horizontal effective stressisignored and

liquefaction is based only on the initial vertical effective stress.

When ¢; reaches avalue of 1, the pore water is carrying the load so that soil particles become free
to dip and liquefaction occurs. It is possible, however, for liquefaction to take place at values of ¢;
dightly less than 1, asit is only necessary that most of the lateral strength or bearing capacity is
lost. Fardiset al. (Mar. 1982) suggest that the liquefied fraction of the i element of soil, 7;, be
calculated as

[11] n; =P [“— > 0.96]

for undrained and partially drained effective stress models. The probability P [-] on the right hand
side can be evaluated through a sequence of smulations. Fardis then goes on to evaluate the risk
of liquefaction, L, as the probability that the maximum of (=) over the depth = iscloseto 1,

[12] L=P {mzax(n(z)) ~ 1}

where now n(z) is interpreted, not as a probability, but rather as the sample liquefied fraction.
For individual soil columns where interaction with adjacent soil is ignored, such an approach is
reasonable since the occurrence of liquefaction at a given layer will result in the loss of lateral
resistance at the surface. Shinozukaand Ohtomo (1989) have adightly different approachinvolving
summing the liquefaction indices ¢ over depth to obtain the vertically averaged liquefaction index
Q,

h
[13] 0=1 / uz)

o o)

where / isthe total depth of the modeled column. In thisway the effect of the vertical extent of a
liquefied region can be incorporated into arisk analysis. But how important isthe vertical extent of
liquefaction? Whileit certainly has bearing on liquefactionrisk, it is easy to imagineasituation in
which athin layer some distance below the surface becomes completely liquefied while adjoining
layers above and below remain stable. Such a condition could yield arelatively low value of Q
even though lateral stability at the surface may be lost. On the other hand, the vertical extent of
liquefied regions may be moreimportant to the occurrence of sand boilsand vertical settlement. In
that the risk of sand boilsand/or vertical settlement isquantifiableusing point or vertically averaged
approaches, whereastheloss of lateral stability resulting in spreading or lateral movement depends
on the spatia distribution of liquefaction, this study concentrates on the latter issue.

In the three-dimensional situation, neither approach discussed above is deemed entirely suitable. If
the term ‘global liquefaction’ is used to denote the loss of lateral stability leading to large surface
displacements at the site, then the occurrence of high ¢; indices at an individual point (or small
region) will not necessarily imply global liquefaction if adjacent regions retain sufficient strength.
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Likewiseif a particular layer is found to have high ¢ values over a significant lateral extent, then
global liquefaction risk could be high even though the average for the site may be low. In this
study, the lateral spatial extent of liquefied regions is assumed to be the more important factor in
the determination of global liquefaction risk for asite. For each realization, the analysis proceeds
asfollows

1) compute the liquefaction index ¢,;(t;) = u;/o’; for each element i in the ;% column at each
time step ¢, and repeat for al the columns,

2) compute the sum
1

Qic = 1 Z i (L) AA,;
=1

where A is the total area of the site model, AA; is the area of the 7% column and n, isthe
number of columns; (),, isthe i layer average liquefaction index at each time step ¢,.

3) determine the indices :* and /* which maximize );,. The index :* now represents the depth
of the plane with the maximum likelihood of liquefying at the time ¢,« and ¢;s;(¢,+) is the
corresponding two-dimensional field of liquefaction indices (indexed by ).

4) determine the excursion area fraction defined by
1 &
A= Y o1, (Qi*j(té*) - C]) AA;
=

J
for avariety of levelsg € (0, 1). Theindicator function 7 ,(-) hasvalue 1 for positive arguments
and O otherwise.

Repeating the above steps for anumber of realizations allowsthe estimation of the spatial statistics
of the liquefaction indices ¢ on the horizontal plane of maximum liquefaction likelihood. In
particular, the excursion areafractions A, are evaluated for ¢ = {0.1,0.2,...,0.9}.

Liquefaction of a column is defined as occurring when the liquefaction index ¢; exceeds 0.96 in
some element; the analysis of that column is then discontinued to save considerable computational
effort and the liquefaction indices are subsequently held constant. Infact, numerical testsindicated
that, at least under this one-dimensional model, the liquefied element absorbs most of the input
motion (see Figure 4) so that little change was subsequently observed in the liquefaction indices
of higher elements. The liquefied element can be considered the location of liquefaction initiation
since post-event pore pressure redistributionisbeing ignored (and, infact, isnot accurately modeled
with this one-dimensiona simplification).

The horizontal plane having the highest average liquefaction index is found and the statistics of
those indices determined. This plane will bereferred to as the maximal plane. It isrecognized that
when liquefaction does take place it is not likely to be confined to a horizontal plane of a certain
thickness. At the very least the plane could be inclined, but more likely liquefaction would follow
aundulating surface. Thislevel of sophistication is beyond the scope of thisinitial study, however,
which is confined to the consideration of liquefaction occurring along horizontal planes arranged
over depth.

Figure5illustrates two realizations of the maximal plane. Regionswhich have liquefied are shown
in white. In both examples, a significant portion of the area has ¢ indices exceeding 0.9 and
there is clearly significant spatial variation. The grey scale representation was formed by linear
interpolation from the 16 x 16 mesh of finite elements.
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Figure5. Greyscale maps of the planes having the highest average liquefaction index ¢ drawn
from two realizations of the soil mass.

3. MONTE-CARLO ANALYSISAND RESULTS

The four cases considered are summarized in Table 2. In the following, the first set of ssimulated
ground motionsarereferred to as Event 1 and the ground motions scaled by afactor of 0.7 as Event
2.

Table2.  Ground motion scaling factorsand vertical scales of fluctuation considered in the
probabilistic analysis.

Case Input Motion Vert. Scale of Number of
Scaling Factor | Fluctuation (m) | Realizations
1 1.0 (Event 1) 1.0 100
2 1.0 (Event 1) 4.0 100
3 0.7 (Event 2) 1.0 100
4 0.7 (Event 2) 4.0 100

The average depth at which the maximal plane occursis about 2.7 m for Cases 1 and 3, and about
3.0 mfor Cases 2 and 4. Thus it appears that the larger scales of fluctuation result in somewhat
lower maximal planes. These results are in basic agreement with the location of liquefied units
observed by Holzer et al. (1989).

14

80



The average excursion area, expressed as a fraction of the total domain area, of the maximal plane
exceeding a threshold liquefaction index ¢, A, isshown in Figure 6. A, is obtained by averaging
the A, values over the 100 realizations for each case. Thetrend in Figure 6 is evident;

1) the scale of fluctuation has little effect on the average excursion fraction A,

2) theintengity of theinput motion has a significant effect on the excursion fractions, as expected.
A 30% reduction in input motion intensity reduced the liquefaction index corresponding to
A, = 17% from 0.9 to about 0.35, almost a three-fold reduction.

According to Figure 6, only about 20% of the model site had liquefaction indices in excess of 0.9
under event 1. Since an event of this magnitude did result in sand boils and lateral spreading at
the Wildlife site, the smulation results suggest that global liquefaction may occur even if only a
relatively low percentage of the site is predicted to liquefy. This observation emphasizes the need
to rationally quantify the spatia distribution of liquefaction and its effect on global liquefaction
risk in future studies.

It appearsthat the likelihood of global liquefaction dueto Event 2 isquitelow. To some extent, this
issubstantiated by thefact that the Wildlifesite did not (globally) liquefy during the EImore Ranch
event (M, = 6.2 compared to the Superstition Hills event, M, = 6.6) (Keane and Prevost, 1989).
Figure 6 suggests a possible approach to the evaluation of liquefaction risk using the knowledge
that the Wildlifesiteishighly liquefiable: determine the average area of the maximal planeswhich
exceed aliguefactionindex of 0.9 —global liquefaction risk increases asthis areaincreases. Inthis
particular study (case 1 or 2) only some 15 to 20% of the total area liquefied under this criterion.
It isunknown at thistimeif this proportion of liquefaction is generally sufficient to result in global
liquefaction. Such a measure needsto be substantiated and verified through similar studies of other
sites and other earthquakes. It neverthel ess suggests that, under reasonable assumptions about the
site and the earthquake, soil liquefaction can vary significantly over space and only asmall fraction
need actually liquefy to cause structural damage.
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Figure6. Averagefraction of the maximal plane, Xq having liquefaction indicesin excess of the
indicated ¢ thresholds.
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Figure7. Estimated probability distribution of areafraction with liquefaction index greater than
q (forevent 1, 4, = 1 m).

The spatia variability of liquefaction can be quantified in a number of ways; the total area of
excursions(exceeding someliquefactionindex), the number of isolated excursions, and thedegreeto
whichtheindividual excursionsareclustered. Figure7 showsthe estimated probability distribution,
P, of theareafraction having liquefaction indices greater than ¢ for event 1, 4, = 1.0 m. From this
plot it can been seen that, for example, P[4y > 0.2] = 1 — 0.7 = 0.3, that is 30% of realizations
have morethan 20% of the maximal plane areawith liquefactionindices higher than 0.9. Similarly,
more than 10% of the maximal plane area effectively liquefies (¢;; > 0.9) with probability 72%.

Figure 8 shows the average number of isolated excursions above the liquefaction index ¢ for
each case study and Figure 9 shows the corresponding cluster measure, ¥, both averaged over
100 redlizations. The cluster measure, as defined by Fenton and Vanmarcke (1992), reflects the
degree to which excursion regions are clustered. ¥ has value O if the excursions are uniformly
distributed through the domain and value 1 if they are clumped into a single region or excursion.
Both figures exhibit much more pronounced effects due to changes in the scale of fluctuation.
The scale of fluctuation 4, = 4 m (6, = 160 m) substantially decreases the average number of
excursions and substantially increases the cluster measure. This implies that for the same total
areaexceeding acertain index ¢, the regions show higher clustering at higher scales of fluctuation.
In turn higher clustering implies a higher likelihood of global liquefaction since there are fewer
pockets of ‘resistance’ within the excursion region. Notice that Event 2 typically has higher mean
values of ¥ since it has fewer excursions at high thresholds (a single excursion, or no excursions,
correspondsto ¥ ~ 1). The likelihood of liquefaction thus cannot depend on the cluster measure
alone; it must also take into consideration the total excursion area above a high threshold.
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4. CONCLUSIONS

dg.

It is recognized that the one-dimensional finite element analysis employed in this study cannot
capture some of the details of spatial liquefaction, the connection between soil columnsbeing only
through their correlated properties and earthquake ground motion. However, the resulting analysis
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was tractable at thistime (afully three-dimensiona anaysisis still prohibitively computationally
expensive), allowing the analysis of a sufficient number of realizations for reasonable statistics. It
is believed that the major, large scale, features of the spatial distribution of liquefaction initiation
are nevertheless captured by the present analysis allowing the following observations to be made.

Perhaps the major observation to be drawn from this study is that (predicted) soil liquefaction
shows considerable spatial variability under reasonable assumptions regarding the site and its
excitation. The recognition of this spatia variability may significantly advance our understanding
and modelling of the phenomenon, allowing the probabilistic assessment of the spatial extent of
liguefaction damage. The present study indicated that aslittleas 15 to 20% of asitewhichisknown
to have liquefied was actually predicted to liquefy during the event. Whether or not this the actual
fraction of liquefaction at the site is unknown. There is also a possibility of further post-event
liquefaction.

Given thefact that the Wildlife site was known to have liquefied during the Superstition Hills event,
the following summary of the results of this model study can be made;

1) The spatially random approach to liquefaction analysis enables quantifying the probability of
effectively liquefied area fractions or excursions at the site. For example, on the basis of this
study, more than 10% of the model site over a plane at about 2.7 m depth was predicted to
effectively liquefy (¢ > 0.9) with probability 72% during event 1 (6, = 1 m), which was
modeled after the Superstition Hills event.

2) Thelikelihood of global liquefaction resulting in loss of lateral stability at the surface appears
to be most easily quantified by the total area of the domain whose liquefaction indices exceed
some threshold index ¢*. In this case study if the threshold index is taken as 0.9, a high
likelihood of global liquefaction might be associated with mean total excursion areas A« in
excess of about 15 to 20% of the total domain area. This measure incorporates the effect of
earthquake intensity but needsto be calibrated through other studies and, intime, through fully
three-dimensional models.

3) Thelikelihood of liquefaction can be modified by the cluster measure — as the cluster measure
decreases, the liquefied regions become separated by pockets of resistance and the likelihood
of global liquefaction at the Site decreases. This correction incorporates the effect of scales of
fluctuation of the soil properties.

The recognition that liquefaction is a spatialy varying phenomenon and the devel opment of tech-
niques to quantify this variability, along with its implications on risk, are important starts in the
understanding of global liquefactionfailureat asite. The study aso illustrates the potential danger
in assessing liquefaction risk at a Site on the basis of, for example, CPT data collected at a single
location. Datafrom severa different locations should be considered so that liquefiable regions can
be more closaly identified and subsequently modeled in a dynamic structural evaluation.
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Appendix Il NOTATION

The following symbols are used in this paper:
A =tota areaof the site model
A, = excursion areafraction of the maximal plane where liquefaction indices exceed ¢

/Tq = average excursion area fraction of the maximal plane where liquefaction indices
exceed ¢
a, b = constants

B(-) = spatia covariance function
¢ = shear wave velocity
I = solid phase elastic modulus
fx(x) = probability density function of random variable X
((-) = one-sided marginal pseudo-evolutionary spectral density function
h = tota depth of soil column
1,(a) = indicator function, = 1if « > 0, = 0 otherwise
k = permeability
L = liquefaction risk
M, = surface wave earthquake magnitude
Z\7q = average number of isolated excursions in the maximal plane where liquefaction
indices exceed ¢
n = porosity
n. = number of 1-D columns used in the model
P = estimated probability distribution
g = liquefaction index
¢q; = liquefaction index of element 7, = w; /o,
¢;;(t;) = liquefaction index of element : in column ; at time¢,
q" = threshold liquefaction index
Q) = 1'thlayer average liquefaction index at time¢,
Q = vertically averaged liquefaction index
s = dimensionless parameter of space-frequency correlation function
t, = time of the /’th time step
7. = transformation function of the:’th property
u(z) = pore water pressure at depth =
u; = pore water pressure in element ¢
U(z) = gpatially random material property at the point
x = gpatial point, having components (z, v, z), = measured vertically from surface
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Y (z) = Gaussian random field
Z;(z) = standard Gaussian random field corresponding to property @
AA; = cross-sectional area of column ;
¢ = dilation angle
¢ = friction angle
n; = liquefied fraction of element ¢
n(z) = sampleliquefied fraction at depth ~
(; = mean of property ¢
tin; = mean of the logarithm of property @
v = Poisson’sratio
6, = scale of fluctuation in the vertical direction
0, = scale of fluctuation in the horizontal directions
p, = solid phase mass density
p., = fluid phase mass density
p(-) = correlation function
o,; = standard deviation of property :
on; = standard deviation of the logarithm of property :
ol =initial vertical effective stressin element
ol (z) = initia vertical effective stress at depth =
7 = lag vector, having components (71, 7, 73), 73 measured vertically
w = frequency
¥ = cluster measure
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