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Geotechnical resistance factors for ultimate limit
state design of deep foundations in cohesive soils

Mehrangiz Naghibi and Gordon A. Fenton

Abstract: This paper investigates the ultimate limit state load and resistance factor design (LRFD) of deep foundations
founded within purely cohesive soils. The geotechnical resistance factors required to produce deep foundation designs
having a maximum acceptable failure probability are estimated as a function of site understanding and failure conse-
quence. The probability theory developed in this paper, used to determine the resistance factors, is verified by a two-dimensional
random field Monte Carlo simulation of a spatially variable cohesive soil. The agreement between theory and simula-
tion is found to be very good, and the theory is then used to derive the required geotechnical resistance factors. The
results presented in this paper can be used to complement current ultimate limit state design code calibration efforts for
deep foundations in cohesive soils.

Key words: reliability-based design, load and resistance factor design, deep foundations, geotechnical resistance factor.

Résumé : Cet article étudie le facteur de conception de charge et résistance (FCCR) de 1’état limite ultime de fondations
profondes installées dans des sols purement cohésifs. Les facteurs de résistance géotechnique requis pour la conception de
fondations profondes ayant une probabilité de rupture acceptable maximale sont estimés en fonction de la compréhension
du site et des conséquences d’une rupture. La théorie des probabilités développée dans cet article, et utilisée pour déterminer
les facteurs de résistance, est vérifiée par une simulation Monte Carlo avec un champ a deux dimensions pour un sol cohésif
ayant une variation spatiale. La concordance entre la théorie et la simulation est trés bonne; ainsi la théorie est utilisée pour
obtenir les facteurs de résistance géotechnique requis. Les résultats présentés dans cet article peuvent étre utilisés pour com-
plémenter les efforts actuels de calibrage du code de conception a 1’état limite ultime pour des fondations profondes dans des
sols cohésifs.

Mots-clés : conception basée sur la fiabilité, facteur de conception de charge et résistance, fondations profondes, facteur de

résistance géotechnique.

[Traduit par la Rédaction]

Introduction

Deep foundations, or piles, may fail through a punching
shear failure, an ultimate limit state (ULS), where the load
applied to the pile exceeds the shear strength of the surround-
ing soil (Fenton and Griffiths 2007). The soil supports the
pile through a combination of end bearing and friction and
(or) cohesion between the soil and the pile sides. In this pa-
per, only cohesive resistance is considered, as would typically
be found in a soil under total stress conditions (e.g., purely
cohesive), and end bearing is ignored.

As the load on the pile is increased, the bond strength be-
tween the soil and the pile surface will eventually be ex-
ceeded, and the pile will slip through the surrounding soil.
At this point, the ultimate resistance of the pile has been
reached. The ultimate resistance of a pile due to cohesion, c,
between the pile surface and its surrounding soil is given by
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where p is the effective perimeter length of the pile section,
7(z) is the ultimate shear stress acting on the surface of the
pile at depth z (averaged around the perimeter), and H is the
buried length of the pile. This paper looks specifically at the
case where the soil is frictionless (¢ = 0) and the cohesion,
¢ = sy, is the undrained shear strength.

The ultimate shear stress acting between the soil under to-
tal stress conditions and the pile can be obtained by several
methods. One commonly accepted procedure, the o method,
is described briefly by Das (2000). According to the «
method, the unit surface shear resistance in soils under total
stress conditions can be represented by the equation,

2] 2(z) = ac(z)

where c(z) is the average soil cohesion around the pile peri-
meter at depth z, and « is an empirical adhesion factor, typi-
cally in the range of 0.3-1, as suggested by the Canadian
Foundation Engineering Manual (CFEM) (Canadian Geo-
technical Society 2006). For a normally consolidated clay
with cohesion, ¢, less than about 33 kPa, the adhesion factor
suggested by Das (2000) is 1.0. In general, the adhesion fac-
tor can be written as a function of the average cohesion, ta-
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ken to be approximated by . here, over the pile length
(CFEM; Canadian Geotechnical Society 2006),

0.21 +0.26P,/p, if ju, > 33 kPa
Bl a=9y if 11, < 33 kPa

where P, is the standard atmospheric pressure (101.325 kPa).
Substituting eq. [2] into eq. [1], the ultimate cohesive re-
sistance of a pile with length H and perimeter p becomes

[4] R.= /0 pac(z) dz

In the design of a pile, geotechnical engineers must find
the effective perimeter, p, and buried length of the pile, H,
required to avoid a cohesive resistance failure. In this paper,
it is assumed that the pile type has been selected, so that p is
known and the design involves determining H. As will be
shown later, the value of p has no effect on the required re-
sistance factors presented in this paper.

In any reliability-based design, uncertain quantities such as
load and resistance are represented by random variables hav-
ing some distribution. Distributions are usually specified by
their mean, standard deviation, and some shape (e.g., normal
or lognormal). The design itself, however, requires design pa-
rameters to be used. These design parameters are commonly
referred to as characteristic or nominal values. In this paper,
the word characteristic is preferred, since these values are
generally obtained from an investigation aimed at characteriz-
ing the site.

In the design process, the pile length, H, is selected so as
to ensure that the pile does not achieve any of the perform-
ance limit states. Only the ultimate limit state is considered
here, and the design proceeds by ensuring that the factored
load does not exceed the factored resistance,

5] gl > Zliaiﬁi
i

where ¢y, is the ultimate geotechnical resistance factor, R, is
the characteristic ultimate geotechnical resistance based on
characteristic (nominal) soil properties, /; is an importance
factor corresponding to the ith characteristic load effect, F i
and «; is the ith load factor.

The importance factor, I;, reflects the severity of the failure
consequences and may be larger than 1.0 for important struc-
tures, such as hospitals, whose failure consequences are high
and whose target probabilities of failure should be smaller
than usual. Typical structures are generally designed using
I; = 1, which is the case assumed in this paper. Structures
with low failure consequences (minimal risk of loss of life,
injury, and (or) economic impact) may have /; < 1.

In most modern codes, the importance factor is generally
applied to highly variable site-specific loads, such as wind,
snow, and seismic loads, and is designed to shift the factored
load such that the overall probability of failure is lower for
more important structures and higher for less important struc-
tures. Although the basic idea of adjusting the failure proba-
bility to match the failure consequence is definitely good, it
is philosophically questionable as to whether this factor
should be applied to the load side of eq. [5]. Loads are typi-
cally quite indifferent to the structure’s importance, whereas

Can. Geotech. J. Vol. 48, 2011

the “designed” resistance is very much concerned with the
structure’s importance. In this paper, the effect of both resist-
ance uncertainty and failure consequence are handled through
the single resistance factor, and the importance factor is set to
1.0. The resistance factor in this paper can thus be thought of
as the product of a geotechnical resistance factor (capturing
site uncertainty) and a consequence factor (capturing failure
consequence, the consequence factor is the inverse of the im-
portance factor).

Only one load combination, dead plus live, will be consid-
ered in this paper,

[6] (XTF = aLFL + aDI:"D

where F L is the characteristic live load, F p 18 the characteris-
tic dead load, o, and ap are the live and dead load factors,
respectively, o is the equivalent total load factor, and
F=F L+ F p is the sum of characteristic live and dead
loads. The load factors used in this paper will be as specified
by the National Building Code of Canada (NBCC) (National
Research Council Canada 2005) where o = 1.5 and ap =
1.25. The theory presented here, however, is easily extended
to other load combinations and factors, so long as their (pos-
sibly time-dependent) distributions are known.

In some cases, the characteristic load values used in a de-
sign are defined to be the means, but they can be more gen-
erally defined in terms of the means as

[761] FL = k]_pLL

[7b] FD = kD//LD

where p; and up are the means of the live and dead loads,
and ki, and kp are live and dead load bias factors, respectively
(Fenton and Griffiths 2008). For typical multistorey office
buildings, Allen (1975) estimates k = 1.41, based on a
30 year lifetime. Becker (1996b) estimates kp to be 1.18.
The characteristic loads, ﬁL and FD, are thus obtained as
FL =1.41p; and Fp = 1.18up.

The characteristic ultimate geotechnical resistance, Ru, is
determined using characteristic soil properties, in this case
characteristic values of the soil’s cohesion, ¢. To obtain the
characteristic soil properties, the soil is assumed to be
sampled over a single column somewhere in the vicinity of
the pile, for example, by a single cone penetration test (CPT)
sounding or field vane test taken near the pile, which yields a
sequence of m observed cohesion values, ¢y, ¢, ..., ¢;. The
characteristic value of the cohesion, ¢, is defined in this pa-
per to be an arithmetic average of the sampled observations,
Ci,

1
(8] = E;Q

The characteristic ultimate geotechnical resistance, Ry, can
now be obtained from eq. [4] by letting ¢(z) = &,
9] R, =pHat

To determine the geotechnical resistance factor, Pous TE
quired to achieve a certain acceptable reliability, the failure
probability of the pile must be estimated. This probability
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will depend on the load distribution, the load factors selected,
the resistance factor, and the resistance distribution. The re-
sistance distribution is discussed in the section “Random
soil model”, and the load distribution is discussed in the
section “Random load model”. The section “Theoretical ap-
proach to estimating probability of failure” presents a theoreti-
cal failure probability model, and the section “Validation of
theory via Monte Carlo simulation” assesses the quality of
the theoretically predicted failure probability using a Monte
Carlo simulation.

The load and resistance factor design (LRFD) approach
involves selecting a maximum acceptable failure probability
level, p,. The choice of p,, derives from a consideration of
acceptable risk and directly influences the value of ¢,,. Dif-
ferent levels of p,, may be considered to reflect the “impor-
tance” of the supported structure; p,, may be much smaller
for a hospital than for an uninhabited storage warehouse.

The choice of a maximum acceptable failure probability,
Pms should consider the margin of safety implicit in current
foundation designs and the levels of reliability for geotechni-
cal design as reported in the literature. The values of p,, for
foundation designs should be nearly the same or somewhat
less than that of the supported structure because of the diffi-
culties and high expense of foundation repairs. A literature
review of the suggested maximum acceptable failure proba-
bility for foundations is listed in Table 1.

Meyerhof (1995) suggests that a typical lifetime failure
probability for a foundation is around 104, and so the num-
bers in Table 1 range on the high side of that suggested by
Meyerhof. However, foundations are normally supported by
more than a single pile, and multiple piles provide at least
some degree of system redundancy, which serves to reduce
the system failure probability. That is, if a single pile in a
pile group happens to be placed in an exceptionally low-
strength region and fails, its load will be transferred to sur-
rounding piles having greater resistances, and the overall
foundation is less likely to fail. If it is assumed that Meyer-
hof’s 1995 estimate is for the entire foundation system, then
the required failure probability for a single pile would be
greater than his suggested system failure probability of 10~
The Federal Highway Administration (FHWA) (Allen 2005)
suggests that a reasonable value of maximum acceptable fail-
ure probability for single driven piles within a redundant
group may be in the range of 10-2-10-3. Although more
research is no doubt required to determine the failure levels
appropriate for redundant pile systems, the National Coop-
erative Highway Research Program (NCHRP) reports
(Barker et al. 1991; Paikowsky 2004) are based on a life-
time failure probability of about 103 for an individual
pile, which suggests that the NCHRP is also considering
pile redundancy.

In this paper, four maximum acceptable failure probabil-
ities for an individual pile, 10-2, 1073, 104, and 1075, will
be considered. The failure probabilities, 103, 104, and 107,
might be appropriate for designs involving low (e.g., storage
facilities), medium (typical structures), and high (e.g., hospi-
tals and schools) failure consequence structures, respectively.
The geotechnical resistance factors required to achieve these
maximum acceptable failure probabilities will be recom-
mended in the section “Geotechnical resistance factors”.
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Table 1. Literature review of lifetime probabilities of failure
of foundations.

Source Pm
Meyerhof (1970, 1993, 1995) 102-10*
Simpson et al. (1981) 103

Barker et al. (1991) 102-10#
Becker (1996a) 1073104

Random soil model

The soil cohesion, c, is assumed to be lognormally distributed
with mean, pu., standard deviation, o,, and some spatial correla-
tion structure. The lognormal distribution is selected because it
is commonly used to represent nonnegative soil properties and
has a simple relationship with the normal; a lognormally distrib-
uted random field can be obtained from a normally distributed
random field, Gy,.(z), having zero mean, unit variance, and spa-
tial correlation length, 6, through the transformation

[10]  c(z) = exp[tine + TincGine(2)]

where 7 is the depth at which c is desired. The mean and var-
iance of Inc are obtained from the specified mean and var-
iance of cohesion using the transformations
1

1] ohe=Mn(1+32), e = In) = 507,
where v, = o./u. is the coefficient of variation of the cohesion.

The correlation coefficient between the log cohesion at
some point z; and a second point z,, is specified by a corre-
lation function, p. In this study, a simple exponentially de-
caying (Markovian) correlation function will be assumed,
having the form

[12]  p(r) = p{zlefl}

where ¢ = 71—z, is the distance between the two points.

It should be noted that the correlation function selected
above acts between values of Inc because Inc is normally dis-
tributed, and a normally distributed random field is simply
defined by its mean and covariance structure. In practice, the
correlation length, 0, can be estimated by evaluating spatial sta-
tistics of the log cohesion data directly (see, e.g., Fenton 1999).

The spatial correlation length, 6, appearing in eq. [12], is
loosely defined as the separation distance within which two
values of Inc are significantly correlated. Mathematically, 6
is defined as the area under the correlation function, p(7)
(Vanmarcke 1984). The spatial correlation function, p(f), has
a corresponding variance reduction function, p(H), which
specifies how the variance is reduced upon local averaging
of Inc over some length H and is defined by

[13]  y(H) = %/o /o p(z1 — z2) dz; dzp

In the illustrative example presented later in this paper, the
average cohesion, p., is assumed to be 50 kPa, and so its
corresponding adhesion factor, «, is given by eq. [3] to be
o = 0.74. As will be shown later, both u. and « cancel out
of the failure probability prediction equations, and so the
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choice in their values is entirely arbitrary and will make no
difference to the required geotechnical resistance factor used
in the design process.

Random load model

The load acting on a foundation is typically composed of
dead loads, which are largely static, and live loads, which
are largely dynamic. Dead loads are relatively well defined
and can be computed by multiplying volumes by characteris-
tic unit weights. The mean and variance of dead loads are
thus reasonably well known. On the other hand, live loads
are more difficult to characterize probabilistically. A typical
definition of a live load is the maximum dynamic load (e.g.,
wind, vehicle, bookshelf loads) that a structure will experi-
ence during its design life. Note that the distribution of live
load depends on the design lifetime. Dead and live loads
will be denoted as Fp and Fp, respectively. Assuming that
the total load, F, is equal to the sum of the maximum lifetime
live load, F;, and the static dead load, Fp, i.c.,

[14] F=F_+Fp

then the mean and variance of F, assuming dead and live
loads are independent, are given by

[15a]  pp =+ up

[15b]  of =0t +o0p

The dead and live loads are assumed to be lognormally
distributed. The total load, F = F| + Fp, is also assumed to
be lognormally distributed, which was found to be reasonable
by Fenton et al. (2008).

The total load distribution has parameters,

1
[164] Minp = In(pg) — Ealan

2
[166] o2, = ln(l + U—‘;)
253

The example problem presented in this study involves a pile
supporting loads having means and standard deviations shown
in Table 2. As with the cohesion mean, it will be shown later
that the resistance factors are also independent of the load
means, up and up. Thus, the values of y; and up are arbi-
trary, having no effect on the paper’s results, and were selected
here mainly to ensure that the designed pile length, H, doesn’t
exceed the depth of the soil model used in the simulation.

Assuming bias factors, kp = 1.18 (Becker 1996b) and &, =
1.41 (Allen 1975), and importance factor, /; = 1.0, gives the
characteristic live load, FL = 1.41p; = 28.2 kN, dead load,
Fp = 1.18up = 70.8 kN, and characteristic total factored de-
sign load, ap F + apFp = 1.5F, + 1.25Fp = (1.5)(28.2) +
(1.25)(70.8) = 130.8 kN.

Theoretical approach to estimating
probability of failure

To estimate the probability of failure of a pile, the soil is
first modeled as a spatially varying random field. In general,
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cohesion will vary in all three dimensions, but there is little
advantage in considering the third dimension, since piles are
essentially one-dimensional, and only the second dimension
is needed to consider distance between a sample and the pile
location. Hence, this study considers a two-dimensional ran-
dom field in which the pile is placed vertically at a certain
position, and soil samples, as in CPT or standard penetration
test (SPT) sounding, are taken vertically at some, possibly
different, position, as illustrated in Fig. 1. The theoretical ap-
proximation to the probability of pile failure in soils under
total stress conditions is explained as follows.

When the soil properties are spatially variable, as they are
in reality, then it is proposed that eq. [4] can be replaced by

(171 Ry, =pHoc

where ¢ is the equivalent cohesion, defined as the uniform
cohesion value that leads to the same ultimate strength as ob-
served in the spatially varying soil over a pile of length, H. It
is hypothesized here that ¢ is the arithmetic average of the
spatially variable cohesion over the pile length H,

o I~
[18] c_ﬁ/o c(z)dz_;;c,-

where c(z) is interpreted as an average cohesion around the
pile perimeter at depth z. If the pile is broken up into a series
of n elements (as will be done in the simulation), the average
is determined using the sum at the right of eq. [18], where ¢;
is the local average of c(z) over the ith element, fori =1, ..., n.
The required minimum design pile length, H, can be ob-
tained by substituting eq. [9] into eq. [5] (taking /; = 1.0),

OlLﬁL + OZDFD

[19] gDupHOlCA:(MLFL+OlDFD — H = =
¢ PouPAl

By further substituting eq. [19] into eq. [17], the ultimate
resistance, R,, can be estimated to be

20] R, = af1+apfp ()
! P

The reliability-based design goal is to find the required
length H such that the probability of the actual load, F, ex-
ceeding the actual resistance, R,, is less than some maximum
acceptable failure probability, p,,. The actual failure probabil-

ity, ps, is
21 pr=P[F >Ry

[N N

and a successful design methodology will have p; < p,,,. Sub-
stituting eq. [20] into eq. [21] leads to

Fs OILFL +O£DFD <§A>
(pgu c

Fé S aLI:“L—l—ozDI:"D
¢ Pou

22]  pr=P

where in the last step, all random quantities were moved to
the left-hand side (LHS) of the inequality.

Note that the design parameters, « (adhesion factor) and p
(perimeter length), have both cancelled out of the above fail-
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Table 2. Load distribution parameters.
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Fig. 1. Relative locations of pile and soil samples.
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ure probability estimate. This means that the values of these
parameters will not affect the required resistance factors ob-
tained in this study. It is also instructive to investigate how
varying the means of the load and cohesion might influence
the failure probability, and hence the required resistance fac-
tor. If eq. [22] is rearranged so that the load and resistance
terms are grouped together, one gets

which involves comparing the distribution of the load term
on the LHS of the inequality to the distribution of the cohe-
sive term on the right-hand side (RHS). Interest is in how
these two quantities are affected by changes in their means.
The mean of the load term is (see eq. [15a] and discussion
at the end of section “Random load model”)

10l

F 1
aLFL +apFp  @g

My + Up

F
LFL+ WDFD:| ackipg + apkppp
14+ Rp

~ ok + apkpRpy

24 E L

where E is the expectation operator. From eq. [24] it can be
seen that the mean of the load term depends only on the ratio
of the dead to live load means, Rp;, = up/it1, and not on the
actual load means. Thus, the load means can be scaled by
any common amount without affecting the overall pile failure
probability predicted here.

The RHS of the inequality in eq. [23] involves the random
quantity ¢/¢, which has mean

} ) eXP[(I/Z) (o% —0%)] \/(1 + vg) (1 n v%)
exp [p\/ln(1+vg)ln(1+v%)

25] E {

[N eV

where v = o/u is the coefficient of variation of the sub-
scripted variable, and p is the correlation coefficient between
In¢ and Inc. Other than the correlation coefficient, eq. [25]
depends only on the variance and coefficient of variation of
the cohesion. If the sample length is (at least approximately)
the same as the pile length, then 0% = a%, and the mean of ¢/¢

depends only on p and the coefficient of variation. Thus, so
long as the coefficient of variation is held constant, the fail-
ure probability (and, hence, resistance factor) presented here
is basically independent of the choice in the mean of the co-
hesion.

Returning now to the computation of the failure probabil-
ity in eq. [22], the following two quantities are defined as

F¢

p6a) W=

[26b] Q = OlLﬁL + aDFD

so that eq. [22] can be written as

R7]  pr=P [W > 2]
Pou

The solution to eq. [27] involves the determination of the
distribution of W. If the random load, F, and cohesion values,
¢ and ¢, are all assumed to be lognormally distributed, which
is a reasonable assumption (see, e.g., Fenton et al. 2008),
then W will also be lognormally distributed and its parame-
ters can be determined by considering the individual distribu-
tions of F, In¢, and Inc.

If W is lognormally distributed, then

[28]  InW =InF + Iné — Inc

is normally distributed and p; can be found from
[29]  pr=P[W > Olp,,] = P[InW > In (Qlg,,)]
In (ngogu) - M]nW]

=1-
Olnw

where @ is the standard normal cumulative distribution func-
tion.

The failure probability py in eq. [29] can be estimated once
the mean and variance of InW are determined. The mean and
variance of InW are

[30a]  pyw = Minr + Hine — Hinz

[30b] oty = oty + O + 0hz — 2Cov(Iné, Inc)

where the total load, F, and cohesion, ¢, are assumed to be
independent. The components of eq. [30] can now be com-
puted as follows:

1. As discussed in the section “Random load model”, the to-
tal load, F, is equal to the sum of the live load, F, and
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the dead load, Fp, i.e., F = F|, + Fp, and the mean and
variance of InF' can be evaluated using eqs. [15] and
[16].

2. With reference to eq. [8],

Blad e = Elnd = E [m @f})] ~ In(u,)

o ; n n
S T 3 W Ca]

where z7 is the spatial location of the center of the ith soil
sample (i = 1, 2, ..., m), and p is the correlation function
defined by eq. [12]. Both equations make use of first-order
Taylor series approximations (see Naghibi (2010) for
more details). A further approximation occurs in the
variance (eq. [31h] because of the fact that correlation
coefficients between the local averages associated with
observations are approximated by correlation coefficients
between the local average centers. Assuming that In¢ ac-
tually represents a local average of Inc over the sample
domain of length, D (see Fig. 1), then o7, is probably
more accurately computed as

[32] Glzné = alzncy(D)

where p(D) is the variance reduction function, given by
eq. [13], that measures the reduction in variance due to
local averaging over the sample domain D. In this re-
search, the sample domain, D, is assumed to be D =
Az X m, where m is the number of observations over
sample domain D, and Az is the vertical dimension of a
single soil “sample” (e.g., the spacing between measure-
ments).

3. With reference to eq. [18] and using many of the same

arguments as in the previous item (see Naghibi (2010)
for details),

[33a] e =E [ln (%/OHC(Z) dz)} ~ In(pu,)

[33b] Ulan = G%n(:y(H)
where y(H) is defined by eq. [13].

4. The covariance in eq. [30] between the arithmetic average

of the observed cohesion values over the sample domain,
D = Az X m, and the cohesion along the pile length, H,
is obtained as follows (Naghibi 2010):

“Z/ NCEEPEIER

=0 1chHD

[34]  Cov(Iné, Inc)

where yyp is the average correlation coefficient between
the cohesion samples over domain D and the cohesion along
the pile of length H, and p is the correlation function be-
tween Inc(z?) and Inc(z). In detail, yyp is defined by

m1y@;—z/[

z—z)}dz
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where r is the horizontal distance between the pile center-
line and the centerline of the soil sample column, as
shown in Fig. 1. The approximation in the covariance
arises both because a first-order Taylor series approxima-
tion is used and because correlation coefficients between
local averages associated with observations are approxi-
mated by correlation coefficients between the local aver-
age centers.
Substituting eqgs. [16], [31]-[34] into eq. [30] leads to

[364] Minw = HinF

[366] Oy = O + O [¥(D) + y(H) = 2yp)

which allows the probability of failure to be obtained using
eq. [29]. The argument to ® in eq. [29] is the reliability in-
dex,

In(q/Pgy) — Hinw

Olnw

37 8=

If the reliability index is specified through knowledge of
Pm» then the geotechnical resistance factor is determined by

[38] Pou = CXP (Ing — piaw — Botaw)

Validation of theory via Monte Carlo
simulation

In this section, probabilistic analyses of pile capacities us-
ing Monte Carlo simulation are performed. The objective is
to investigate the failure probability of a pile in soils under
total stress conditions with spatially varying cohesion field,
¢, via simulation to validate the theory developed in the pre-
vious section. The simulation essentially proceeds by carry-
ing out a series of hypothetical designs on simulated soil
fields and checking to see what fraction of the designs fail.
In practice, the accuracy of the Monte Carlo method depends
on how well the assumed probability distribution fits the real
stochastic process. If the fit is reasonable, the accuracy in-
creases with the number of simulation runs, i.e., improved re-
sults will be obtained as the number of simulation
realizations increases. In detail, the steps involved in the
Monte Carlo simulation are as follows;

1. The cohesion, ¢, of a soil mass is simulated as a spatially
variable random field using the local average subdivision
(LAS) method (Fenton and Vanmarcke 1990). The num-
ber of soil cells in the X and Y directions are assumed to
be 128 x 128, and each cell size is taken to be 0.1 x 0.1.
The cohesion is assumed to be lognormally distributed,
with mean 50 kPa and coefficient of variation, v, ranging
from 0.1 to 0.5 The correlation length is varied from 0 to
50 m.

2. The simulated soil is sampled along a vertical line through
the soil at some distance, r, from the pile. These vir-
tually sampled soil properties are used to estimate the
characteristic cohesion, ¢, according to eq. [8]. Three
sampling distances are considered: the first is at r =
0 m, which means that the samples are taken at the pile
location. In this case, uncertainty about the pile resis-
tance only arises if the pile extends below the sampling
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depth. Typically, probabilities of failure when r = 0 m
are very small. The other two sample distances consid-
ered are ¥ = 4.5 m and r = 9.0 m, corresponding to re-
ducing understanding of the soil conditions at the pile
location. These rather arbitrary distances were based on
preliminary random field simulations, which happened
to involve fields 9 m in width. However, it is really the
ratio, r/6, that governs the failure probability, and a wide
range in the correlation length, 6, has been considered.

3. Once the characteristic cohesion has been established, the
required design pile length, H, is calculated using
eq. [19].

4. Dead and live loads, Fp and Fp, are simulated as indepen-
dent lognormally distributed random variables and then
added to produce the actual total load on the pile, F =
F1, + Fp The means and standard deviations of the dead
and live loads assumed in this simulation are given in
Table 2.

5. The “true” ultimate pile resistance, R,, is computed accord-
ing to eq. [4] using the averaged cohesion values simu-
lated along either side of the pile.

6. The ultimate resistance, R, and total load F are compared.
If F > R,, then the pile, as designed in step 3, is as-
sumed to have failed.

7. The entire process from steps 1 to 6 is repeated ng, times
(where ng,, = 10000 in the present study). If n; of these
repetitions result in a pile failure, then an estimate of the
probability of failure is py = n¢ / ngp.

8. Repeating steps 1-7 using various values of ¢,, in the de-
sign step allows plots of failure probability versus geo-
technical resistance factor to be produced for the
various sampling distances, coefficient of variation of
the cohesion, and correlation length.

The failure probabilities estimated by theory, via eq. [29],
can be superimposed on the simulation-based failure proba-
bility plots, allowing a direct comparison of the methods.
Figure 2 illustrates the agreement between theory and simula-
tion. Given all the approximations made in the theory, the
agreement is considered to be excellent, allowing the geo-
technical resistance factors to be computed theoretically with
reasonable confidence, even at probability levels that the
simulation cannot estimate — the simulation involved only
10000 realizations and so cannot properly resolve probabil-
ities less than about 10-4.

It is immediately clear from Fig. 2 that the probability of
failure, py, increases with soil variability, v., which is to be
expected. Also, as expected, the probabilities of failure are
smaller when the soil is sampled directly at the pile than
when sampled some distance away from the pile centerline.
This means that considerable construction savings may be
achieved by improving the sampling scheme, especially
when significant soil variability exists.

The largest discrepancies between theory and simulation
occur for the small probabilities when the sampling point is
at the pile location (» = 0 m). The discrepancies at very small
probabilities may be largely due to estimator error in the sim-
ulations. For example, if a simulation has 17 failures out of
10000, as in the highest point in Fig. 2a, the estimated prob-
ability of failure is py = 0.0017, which has standard error,

o,;f:\/(0.0017)(0.9983)/1000020.0004, and the 95%
confidence interval on p; is 0.0017 + 1.96(0.0004) =

1735

Fig. 2. Comparison of failure probabilities estimated by simulation
(10 000 realizations) and theory for geotechnical resistance factor
(¢gu = 0.8) and three sampling locations: (a) r =0 m; (b) r =
45 m; (c) r =9 m.
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[0.0009, 0.0025], which is quite wide. In fact, if only five
failures are observed, then the 95% confidence interval on py
is [0.0001, 0.0009]. In other words, the simulation results
cannot be trusted for p¢ values less than about 0.001.

The generally good agreement between simulation and
theory suggests that the theory can be used to reliably esti-
mate the pile failure probabilities. The theory will be used in
the following section to provide recommendations regarding
required geotechnical resistance factors for certain target
probabilities of failure.

Geotechnical resistance factors

In this section, the geotechnical resistance factors, @g,, re-
quired to achieve four maximum acceptable failure probabil-
ity levels (102, 103, 10, and 107) are proposed. The
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corresponding reliability indices, 8, of these four target prob-
abilities are approximately 2.3, 3.1, 3.7, and 4.3, respectively.

Figures 3-5 show the geotechnical resistance factors re-
quired for the cases where the soil is sampled at the pile lo-
cation, at a distance of 4.5 m and at a distance of 9 m from
the pile centerline, respectively.

Figure 3 corresponds to sampling at the pile location
where the design conditions are so well understood that the
geotechnical resistance factor exceeds 1.0 when p, > 1073,
For this reason, the p,, = 102 and 103 cases are not shown
in Fig. 3.

The worse case (lowest) geotechnical resistance factors oc-
cur when the correlation length, 6, is between about 1 and
10 m. This worst case is important, since the correlation
length is very hard to estimate and will be unknown for
most sites. In other words, in the absence of knowledge about
the correlation length, the lowest geotechnical resistance fac-
tor in these plots, at the worst case correlation length, should
be used.

To explain why a worst case exists, the nature of the corre-
lation length must be considered. The correlation length, 6,
measures the distance within which soil properties are signif-
icantly correlated. Low values of 6 lead to soil properties that
vary rapidly in space, while high values mean that the soil
properties vary only slowly with position. A large correlation
length, of say 6 = 50 m, means that soil samples taken well
within 50 m from the pile location will be quite representa-
tive of the soil properties at the pile location. In other words,
lower failure probabilities are expected when the soil is
sampled well within the distance 6 from the pile.

Alternatively, when 6 is very small (say, 0.01 m), then any
soil sample will consist of a large number of independent
“observations” whose average tends to be equal to the true
mean. Since the pile also averages the soil properties, the
pile then “sees” the same true mean value predicted by the
soil sample, assuming that the soil’s random properties are
“stationary”. In other words, when 6 is small and stationarity
holds, the sample will accurately reflect the average condi-
tions along the pile, and in this case, the failure probability
is again low.

At intermediate correlation lengths, soil samples become
less accurate estimators of conditions along the pile, and so
the probability of failure increases, or conversely, the re-
quired geotechnical resistance factor decreases. Thus, the
minimum required geotechnical resistance factor will occur
at some correlation length between zero and infinity. In gen-
eral, the authors have found that the worst-case correlation
length occurs when 6 is approximately equal to the distance
from the pile to the sampling location. Notice in Figs. 3-5
that the worst-case correlation length does show an increase
as the distance to the sample location, r, increases.

The smallest geotechnical resistance factors correspond to
the worst-case correlation length at the smallest acceptable
failure probability shown, p, = 10, when the soil is
sampled 9 m away from the pile centerline (Fig. 5). When
the cohesion coefficient of variation is relatively large, v, =
0.5, the worst-case values of Pou dip down to 0.15 to achieve
Pm = 1075, In other words, there will be a significant con-
struction cost penalty if a high-reliability pile is to be de-
signed using a site investigation, which is insufficient to
reduce the residual variability to less than v, = 0.5.

Can. Geotech. J. Vol. 48, 2011

The worst-case geotechnical resistance factors required to
achieve the indicated maximum acceptable failure probabil-
ities, as seen in Figs. 3-5, are summarized in Table 3. Some
of the geotechnical resistance factors recommended in this
study for p,, = 1072 are greater than 1.0, which may be be-
cause the load factors provide too much safety for the larger
acceptable failure probabilities when the site is well under-
stood.

Table 4 compares the geotechnical resistance factors rec-
ommended in this paper with those recommended by the
CFEM (Canadian Geotechnical Society 1992, 2006), NBCC
(National Research Council Canada 2005), Canadian High-
way Bridge Design Code (CHBDC) (Canadian Standards As-
sociation 2006), Australian Standard Bridge Design Part 3
(AS 5100.3 (Standards Australia 2004)), two American Asso-
ciation of State Highway and Transportation Officials codes
(AASHTO 2002, 2007), and a NCHRP report (Paikowsky
2004). The 2006 CFEM (Canadian Geotechnical Society
2006) references both the 2005 NBCC and the 2006
CHBDOC, rather than provide its own list of resistance factors,
and so the 2006 CFEM does not explicitly appear in Table 4.
The geotechnical resistance factors recommended in this pa-
per (first six rows of Table 4) correspond to the cases where
ve = 0.5, r =4.5 m and 9.0 m, and maximum acceptable fail-
ure probabilities of p,, = 1073, 10, and 10-5.

A review of eq. [5] shows that the load factors and resist-
ance factors used in a design cannot be selected independ-
ently. For a fixed level of uncertainty in the loads and
resistances, the system reliability remains constant when the
load factor is changed only if the resistance factor is corre-
spondingly changed so that their ratio remains constant. In
other words, to properly compare the recommended geotech-
nical resistance factors, Pous with values presented by other
codes and the literature, it is the ratio of the total load factor
to the geotechnical resistance factor, oletpgu, which must be
compared. This ratio is essentially an estimate of the “safety
factor” commonly used in traditional geotechnical design.

The dead load factor, ap = 1.25, and live load factor, o, =
1.5, used in this paper, are as specified by the NBCC (Na-
tional Research Council Canada 2005). Bias factors of kp =
1.18 (Becker 1996b), ki, = 1.41 (Allen 1975), and the ratio of
dead to live load means Rp; = 3.0, are assumed here. The
characteristic dead to live load ratio, RD/L, and the total load
factor, ar, in this paper are then

s Fp kppp  L18(3uy)  1.18(3)

39q]  Rpp =2 = - - —25
[39a] - Ron === "= T, 1.41

. aLFL + apFp

39b ~ =

39 e Fy +Fp
_owtepRon _ 15412525
1 +4+Rpy 1425 7

As can be seen in Table 4, the total load factors used in
the CFEM (Canadian Geotechnical Society 1992), CHBDC
(Canadian Standards Association 2006), and NBCC (National
Research Council Canada 2005), which is now referred to by
the CFEM (Canadian Geotechnical Society 1992, 2006) are
all very close to the total load factor used in the current study
and differ only because of a slight difference in the character-
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Fig. 3. Geotechnical resistance factors when the soil has been sampled at the pile location (» = 0 m) (note the reduced vertical scale):
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Fig. 4. Geotechnical resistance factors when the soil has been sampled (r = 4.5 m) from the pile centerline: (@) pm = 107% (b) pm = 1073;

(©) pm = 107 (d) pm = 1075
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istic dead to live ratio, Rp;, and differing load factors in the
CHBDC. The ratio of the total load factor to the resistance
factor, otT/(pgu, in the CFEM (Canadian Geotechnical Society
1992) is close to that recommended here for r = 4.5 and
Pm = 1074, while the same ratios in the NBCC (National Re-
search Council Canada 2005) and CHBDC (Canadian Stand-
ards Association 2006) are very close to those recommended
here for either r = 4.5 and p,, = 107 or r = 9.0 and p,, =
104,

Similarly, the total load factor used in the Australian stand-
ard, AS5100.3 (Standards Australia 2004), is very close to
the total load factor used in the current study. The range of

0 5 10 15 20 25 30 35 40 45 50
8 (m)

ratios of the total load factor to the resistance factor, aT/(pgu,
specified by the Australian standard, AS5100.3 (Standards
Australia 2004), covers pretty much the same range as rec-
ommended here for all but the lowest failure probability,
Pm = 1075

The ratio, ozT/<pgu, used in AASHTO (2002) corresponds
approximately to the ratio found here for p, = 10-3, while
AASHTO (2007) seems to have decided on a higher level of
safety, corresponding approximately to the p,, = 10-5 results
found here. The ratio, (xT/<pgu, used in NCHRP 507 (Paikow-
sky 2004) are based on a target reliability index of 3.0 (p,, =
0.0013). The total load factor, o, considered in NCHRP 507
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Fig. 5. Geotechnical resistance factors when the soil has been sampled (» = 9 m) from the pile centerline: (@) pm = 107% (b) pm = 1073;

(€) pm = 107 (d) pm = 1075
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Table 3. Worst-case geotechnical resistance factors for various coefficients of var-
iation, v., distance to sampling location, r, and acceptable failure probabilities, pm.

Geotechnical resistance factor

r (m) Ve pm = 1072 pm = 1073 pm = 107 pm = 107
0.0 0.1 1.20 1.08 0.99 0.92
0.0 0.2 1.17 1.05 0.95 0.88
0.0 0.3 1.13 1.00 0.91 0.83
0.0 0.5 1.04 0.90 0.79 0.71
4.5 0.1 1.15 0.98 0.88 0.80
4.5 0.2 0.94 0.78 0.66 0.58
4.5 0.3 0.78 0.60 0.49 0.41
4.5 0.5 0.51 0.35 0.25 0.20
9.0 0.1 1.09 0.95 0.85 0.77
9.0 0.2 0.89 0.73 0.61 0.53
9.0 0.3 0.70 0.53 0.42 0.36
9.0 0.5 0.43 0.29 0.20 0.15

is within 10% of the value used in this research. However,
the range in ratios ar/g,, used in NCHRP 507 are much
higher than those discovered here, due to very low resistance
factors. The reason for this apparent conservatism is un-
known to the authors.

In general, with the exception of NCHRP 507 (Paikowsky
2004), the published code ratios, at/g,,, correspond very
well with those recommended in this research over the range
of sampling distances and maximum acceptable failure prob-
abilities considered in Table 4. The more modern Canadian
codes (NBCC (National Research Council Canada 2005) and

CHBDC (Canadian Standards Association 2006)) correspond
to a level of site understanding about equivalent to the r =
9 m case considered here and to a maximum acceptable fail-
ure probability a bit lower than p,, = 10

Conclusions

This paper proposes reliability-based provisions for the ul-
timate limit state LRFD of deep foundations in soils under
total stress conditions, with ¢ = 0 and ¢ = s, being the un-
drained shear strength. The load factors are as used in the
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Table 4. Comparison of geotechnical resistance factors recommended in this study (first six

rows) with those recommended in other sources.

Source Rp oL op or Pou at/Qg,
r=4.5m, pm =103 2.5 1.50 1.25 1.32 0.60 2.20
r=45m, pm =10+ 2.5 1.50 1.25 1.32 0.49 2.69
r=4.5m, pm =107 2.5 1.50 1.25 1.32 0.41 3.22
r=9.0m, pm =103 2.5 1.50 1.25 1.32 0.53 2.49
r=9.0m, pm = 10 2.5 1.50 1.25 1.32 0.42 3.14
r=9.0m, pm =107 2.5 1.50 1.25 1.32 0.36 3.67
CFEM (1992)* 3.0 1.50 1.25 1.31 0.50 2.62
NBCC (2005)" 3.0 1.50 1.25 1.31 0.40 3.28
CHBDC (2006)° 3.0 1.70 120  1.33 0.40 3.33

AS 5100.3 (2004)¢ 3.0 1.80 120 1.35 0.45-0.55 2.45-3.00
AASHTO (2002) 3.7 2.86 1.30  1.63 0.70 2.33
AASHTO (2007) 3.7 1.75 1.25 1.36 0.35 3.89
NCHRP 507 (2004)¢ 2.0 1.75 1.25 1.42 0.15-0.30  4.73-9.47

“Canadian Geotechnical Society (1992).
National Research Council Canada (2005).
‘Canadian Standards Association (2006).
“Standards Australia (2004).

‘Paikowsky (2004).

NBCC (National Research Council Canada 2005). A mathe-
matical theory was developed to theoretically estimate the
probability of pile failure. The theory assumes a statistically
stationary random soil with lognormally distributed cohesion,
c. The effect of the soil’s spatial variability and site under-
standing on the geotechnical resistance factor has been inves-
tigated via both simulation and theory, by considering
various soil statistics and sampling locations. The simulation
involved 10000 realizations for each set of parameters, and
the results of the Monte Carlo simulation were compared to
the proposed theory. The agreement between theory and sim-
ulation was found to be very good, except at very small fail-
ure probabilities where the simulation estimator error is large.
Optimal geotechnical resistance factors were recommended
for the design of deep foundations for four maximum accept-
able failure probabilities (102, 10-3, 104, and 10-5).

The suggested design procedure using the proposed LRFD
method is summarized as follows:

1. Decide on a maximum acceptable failure probability, p,,
for the pile. The choice of p,, depends on the severity
of failure consequences and the level of pile redun-
dancy.

2. Sample the soil and estimate the characteristic soil property
using eq. [8]. The characteristic ultimate resistance is
calculated using eq. [9].

3. Determine load factors from structural design codes as
described in the section “Random load model”.

4. Select a geotechnical resistance factor corresponding to the
maximum acceptable failure probability, p,, and sam-
pling distance from Table 3. Note that sampling distance
has been used here as a proxy for level of site under-
standing. The actual geotechnical resistance factor used
in design may be reduced somewhat, depending on the
magnitude of model and measurement errors, as dis-
cussed below.

5. Compute the required pile length, given load factors, o,
and ap, geotechnical resistance factor, Pous and the effec-
tive pile perimeter, p, using eq. [19].

The evaluation of geotechnical resistance factors for pile
design involves the soil field’s uncertainty level (e.g., coeffi-
cient of variation, v.), correlation level (e.g., correlation
length, 6), and sampling location and accuracy. Since coeffi-
cient of variation, v, and correlation length, 0, are usually un-
known for a given site, various v, are considered in this study
for deep foundation limit state design, along with a worse-
case value of 6, i.e., the intermediate value of 6 correspond-
ing to the higher probabilities of failure.

Three sampling schemes have been considered in this
study. Better estimates of conditions at the pile can be ob-
tained when samples are taken at the pile location (r = 0 m).
Specifically, lower probability of failure and larger geotechni-
cal resistance factor values are obtained by sampling at the
pile location.

No attempt is made in this study to include the effects of
measurement error, nor of correlation errors in translating ac-
tual observations (e.g., from a CPT sounding) to engineering
properties such as cohesion. Thus, the predicted failure prob-
ability (either from theory or simulation) will be somewhat
unconservative (failure probability increases as measurement
error increases). However, both theory and the simulation
treat all uncertainty in the same way, allowing a consistent
comparison between the two.

The recommended geotechnical resistance factors for ulti-
mate limit state design of deep foundations should be consid-
ered to be upper bounds because the measurement and model
errors are not considered in this study. The statistic of meas-
urement errors are very difficult to determine, since the true
values need to be known. Similarly, model errors, which re-
late both the errors associated with translating measured val-
ues and the errors associated with predicting cohesive
resistance by an equation, such as eq. [2], to the actual cohe-
sive resistance, are very difficult to measure simply because
the true cohesive resistance along with the true soil proper-
ties, are rarely, if ever, known. When confidence in the meas-
ured soil properties or in the model used is low, the results
presented here can still be employed by assuming that the

Published by NRC Research Press



Can. Geotech. J. Downloaded from www.nrcresearchpress.com by DALHOUSIE UNIVER on 02/14/13
For personal use only.

1740

soil samples were taken further away from the the pile center-
line than they actually were (e.g., if low-quality soil samples
are taken at the pile location, r = 0, the geotechnical resist-
ance factor corresponding to a larger value of r, say r =
4.5 m should be used) and (or) by using a larger v, value.

The generally good agreement between the geotechnical
resistance factors shown in Table 4 with current literature
and LRFD code recommendations suggests that the theory is
in reasonable agreement with past experience. The current
study now provides a rigorous basis for the determination of
geotechnical resistance factors for pile design in soils under
total stress conditions, allowing code developers to go be-
yond calibration with the past.
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List of symbols

cohesion
arithmetic average of observed (sampled) cohesion values
arithmetic average of cohesion field along pile surface
observed (sampled) cohesion value (i = 1, 2, ..., m)
local average of cohesion over ith element along pile
surface
depth of soil sample
expectation operator
total true (random) load
sum of characteristic live and dead loads
(F=FL+Fp)
Fp true (random) dead load
Fp characteristic dead load (F p = kpip)

F; ith characteristic load effect

F1, true (random) live load

IA’L characteristic live load (F L= kppy)
G standard normal random field (log cohesion)

H designed pile length

I; importance factor corresponding to the ith characteristic

load effect

o O 0

ol o

> m O
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kp
ky,
m
ng

Ngim

P

P,

p

Pt
Pm
0
RpL
RpL

dead load bias factor

live load bias factor

number of soil observations

number of times Monte Carlo simulation steps result in
pile failure

number of times Monte Carlo simulation steps are re-
peated

probability operator

standard atmospheric pressure (P, = 101.325 kPa)
pile perimeter length

probability of failure

maximum acceptable probability of failure

total factored characteristic load (Q = ozLI:" L+ aDF D)
ratio of dead to live load means

characteristic dead to live load ratio

true ultimate resistance (random)

ultimate characteristic resistance (based on characteris-
tic soil properties)

distance between soil sample and pile centerline
undrained shear strength

distance

coefficient of variation

coefficient of variation of cohesion

coefficient of variation of ¢

coefficient of variation of ¢

true load times ratio of characteristic to equivalent co-
hesive resistance in soils under total stress conditions
horizontal direction in random cohesion field

vertical direction in random cohesion field

depth from ground surface

vertical dimension of soil samples

depth of point 1

depth of point 2

depth of the center of the ith soil sample (i =1, 2, ...,
m)

adhesion coefficient

dead load factor

load factor corresponding to the ith load effect

live load factor

total load factor

reliability index

YHD

D)
V(H)

He
M“D
MUF
ML
Mlne
Hine

Hinz

oD
OF
oL
Olne
Olné
Olne
OlnF
Olnw

1741

average correlation coefficient between the cohesion
samples over length D and the cohesion along the pile
of length H

variance function giving variance reduction due to local
averaging over sample domain D

variance function giving variance reduction due to
averaging over pile length H

correlation length of the random cohesion field
mean

cohesion mean

mean dead load

mean total load on pile

mean live load

log cohesion mean

mean of the characteristic log cohesion (based on an
arithmetic average of cohesion observations)

mean of the equivalent log cohesion (based on an ar-
ithmetic average of cohesion over pile length H)
mean total log load on pile

mean of InW

correlation function

standard deviation

cohesion standard deviation

standard deviation of the soil sample average
standard deviation of the equivalent soil cohesion along
the pile surface

dead load standard deviation

total load standard deviation

live load standard deviation

log cohesion standard deviation

standard deviation of In¢

standard deviation of Inc

standard deviation of total log load

standard deviation of InW

standard deviation of failure probability estimate
ultimate shear stress acting on the surface of the pile
standard normal cumulative distribution function
friction angle

ultimate geotechnical resistance factor
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